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Abstract

A theoretical model of harmonic perturbations in a turbulent mixing layer is proposed. The model is based on the triple
decomposition method. It is assumed that the instantaneous velocities and pressure consist of three distinctive components:
the mean (time average), the coherent (phase average), and the random (turbulent) motion. The interaction between incoherent
turbulent fluctuations and large-scale coherent disturbances is incorporated by the Newtonian eddy viscosity model. A slight
divergence of the flow is also taken into account, and the results are compared with experimental data. For a high amplitude of
the perturbations, the nonlinear feedback to the mean flow is taken into account by means of the coherent Reynolds stresses.
The results reveal the possibility of a negative spreading rate of the mixing layer. A simultaneous consideration of the mean
flow divergence and nonlinear self-interaction results in Landau-like amplitude equations. It is observed that the nonlinear
term in the amplitude equation is not significant at the levels of amplitude considered. The velocity disturbance profiles of the
second harmonic are also presented and, at low-level amplitude, they are in good agreement with experiments. 2002 Éditions
scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

It is common knowledge today that large organized structures may exist in shear turbulent flows and that they are of great
importance for mixing processes, sound production from jets, combustion, etc. Studies of the organized motions in turbulent
flows have a long history dating from the 1940s. Extensive presentations of earlier works can be found in surveys [1–5].

An appropriate method for analyzing a coherent signal in a turbulent flow is the triple decomposition method. The
instantaneous velocities and pressure are considered as sums of three distinctive components: mean (time averaged), coherent
(phase averaged), and random (incoherent turbulent) motion. We consider the mean values on the time scales larger than the
lifetime of the natural (random) large-scale motion and, therefore, the latter is included into the random component.

The triple decomposition method is a conventional tool in experiments. It serves to describe the coherent disturbances by
means of phase-locked measurements. The method has been implicitly used in a number of theoretical works where the stability
analysis was applied for turbulent flows. To understand the basic assumptions in these theoretical models, one should consider
the governing equations. Reynolds and Hussain [6] derived the equations for a coherent signal in turbulent flow. The equations
contain new unknown terms that correspond to oscillations of the background Reynolds stresses caused by the organized wave.
These terms reflect the existence of an interaction between the coherent signal and the random field. To a first approximation, the
interaction may be neglected and the linearized problem may be reduced to the Rayleigh equation with the mean velocity profile
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(the effect of molecular viscosity is considered as negligible). Therefore, the results of theoretical models based on the analysis
of the Rayleigh equation might be considered as an analysis of coherent structures in a turbulent mixing layer without interaction
of the organized and random disturbances. Michalke [7] calculated spatial stability characteristics for the hyperbolic-tangent
velocity profile within the scope of the Rayleigh equation. Monkewitz and Huerre [8] performed a comprehensive analysis
of spatially growing disturbances using the hyperbolic-tangent and the Blasius shear-layer profiles. Gaster et al. [9] measured
the phase and velocity amplitude distributions across a turbulent mixing layer subjected to weak periodic forcing. They also
conducted a theoretical analysis within the scope of the linear stability theory. The theoretical results for velocity and phase
distributions were in good agreement with the experimental data.

As the free shear flows (such as jets, wakes, and mixing layers) spread rapidly, it is necessary to take into account the flow
divergence for a correct comparison of theoretical and experimental data for growth rates and overall amplifications. The main
ideas associated with nonparallel effects in shear flows were formulated for boundary layers by Bouthier [10,11] and Gaster [12].
Later Crighton and Gaster [13] and Plaschko [14] applied the method to jets. Gaster et al. [9] also took into consideration the
flow divergence in attempting to predict the overall growth of coherent disturbances in the turbulent mixing layer. Nevertheless,
the theory overpredicted the overall amplification by two to threefold. The authors suggested that the discrepancy is associated
with an interaction of the coherent signal with the random field. (Huerre and Rossi [15] attribute the discrepancy to nonlinear
effects.)

It was recognized in the experiments that spreading of the mixing layer flow (and turbulent wakes, as well) is sensitive to
coherent perturbations. This means that the problem of a coherent signal in the turbulent flow is coupled with the problem of
the mean velocity profile. Ko et al. [16] proposed a theoretical model for the interaction of a coherent signal with the mean
flow in a laminar wake. They used an integral method with a nonparallel flow, and the distribution of the fluctuations across
the wake was obtained by solving the Rayleigh equation. The fluctuation amplitude and the shape parameters for the mean
flow were obtained by solving a set of ordinary differential equations. Cohen et al. [17] also tried to take into consideration the
feedback from harmonic perturbations to the mean flow of the mixing layer and to resolve the discrepancy between theoretical
and experimental data [9]. The theoretical model was based on a so-called quasi-parallel approach. The Reynolds stress of
the coherent signal was calculated using a solution of the Rayleigh equation, and the disturbance amplitude was calculated
in accordance with the growth rate obtained from the Rayleigh equation. Since the self-similar velocity profile was obtained
as an approximation to the experimental data [9], it was necessary to find only the mixing layer thickness as a function of
the downstream coordinate. The equation for the mixing layer scale follows from the integral momentum equation, where
the spreading rate is governed by the coherent Reynolds stresses. The results [17] showed agreement between the theoretical
and experimental data. However, one should keep in mind that the quasi-parallel approach suffers from an ambiguity of the
linear solution normalization. The solution of the Rayleigh equation depends on the downstream coordinate as a parameter,
and an undetermined complex function of the downstream coordinate appears. It must be defined in some way or another. The
normalization of the eigenfunction influences the resulting level of the Reynolds stresses, as well as the final comparison of the
theory with the experimental data. The normalization adopted in the aforementioned paper [17] was not stated. According to
J. Cohen and V. Levinski (private communication), the value of the disturbance streamfunction at the centerline was used to
normalize the eigenfunctions of the linear problem. In spite of the agreement of the theoretical [17] and experimental data [9],
we conclude that the discrepancy between theory and the experiment remains unsolved. We shall consider the problem in
Section 3.

Since turbulent shear flows are sensitive to artificial disturbances, the latter may be used for flow control. Oster and
Wygnanski [18] investigated the effect of two-dimensional periodic disturbances on the development of a turbulent mixing
layer. It was found that the spreading rate of the mixing layer is sensitive to the disturbance frequency and amplitude. Weisbrot
and Wygnanski [19] carried out experiments with high-level coherent disturbances in a turbulent mixing layer. They revealed a
few regions where the mixing layer developed. In the first region, the spreading rate of the mixing layer increases in the presence
of the coherent perturbations. In the second region, the width of the mixing layer, in fact, decreases, and, in the third region, the
spreading rate of the mixing layer becomes positive again. In this development process, the coherent Reynolds stresses change
their shape significantly: from a positive function across the layer in the first region to a negative function in the second region.
A theoretical model of the phenomena is still in question.

As the spreading of the mixing layer is associated with nonlinear effects, a theoretical model must include both nonparallel
and nonlinear effects. Huerre and Crighton [20] introduced a heuristic approach combining the slow divergence of the flow
and nonlinear effects. Monkewitz [21] incorporated the latter model into an analysis of subharmonic resonances in a mixing
layer. More recently, Plaschko [22] proposed a self-consistent approach for considering the nonlinear effects in a mixing layer
together with its slow divergence. The solvability condition in the third order provided an amplitude equation containing both
effects.

The purpose of the present work is to develop a theoretical model that will resolve the existing discrepancy between theory
and experimental data [9], to propose a model of interaction between the coherent disturbance and the mean flow in turbulent
mixing layers, and to study nonlinear effects of higher orders.
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Briefly, the structure of the paper is as follows. The governing equations are formulated in Section 2. The linear theory in a
quasi-parallel and slowly diverging flow is presented in Section 3. In Section 4, a heuristic model for simultaneous consideration
of slow divergence and nonlinear effects is proposed based on a linear analysis of the coherent signal with a feedback to the
mean flow by means of the coherent Reynolds stresses. A model including nonlinear effects up to the third order and a slow
divergence of the mean flow is presented in Section 5. The numerical methods are described in the Appendix.

2. Governing equations

We consider a two-dimensional (in time-average) turbulent flow disturbed by a harmonic two-dimensional wave. We apply
the triple decomposition method [6] to analyze the dynamics of the organized wave. It is assumed that the instantaneous
velocities and pressure consist of the three distinct components:

u(x, y, z, t )=U(x,y)+ ũ(x, y, t )+ u′(x, y, z, t ),

v(x, y, z, t )= V (x, y)+ ṽ(x, y, t )+ v′(x, y, z, t ), (1)

p(x, y, z, t )= P(x,y)+ p̃(x, y, t )+ p′(x, y, z, t ),

whereU , V , andP are the mean (time-averaged) values of the velocities and pressure correspondingly;ũ, ṽ, andp̃ are the
coherent (phase-averaged) contributions corresponding to the organized wave;u′, v′, andp′ stand for the random (turbulent
motion). We omit the transversal velocity componentw in (1), as it consists of the random part only and it will not appear in the
governing equations because of the assumption about the two-dimensional mean flow. After substituting (1) into Navier–Stokes
equations and, phase and time averaging, the equations for the mean flow and for the organized wave can be obtained [6]. We
assume that the effects of molecular viscosity are negligible and omit the corresponding terms:
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The last couples of terms in thex- andy-momentum equations make the equations different from the usual mean equations for
turbulent flow and provide the feedback from the organized wave to the mean flow. The dynamical equations for the organized
wave are
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∂x
+ V ∂ũ
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where the over-bar and brackets represent mean and phase averaging, respectively.
Eqs. (2) and (3) are not closed, and we need to choose a closure hypothesis. The boundary-layer approximation is assumed

for the mean flow equations (2), and we invoke closure by means of the eddy viscosity,

u′v′ = −νt (x) ∂U
∂y
, (4)

whereνt (x) is a linear function ofx. The eddy viscosity model (4) is applied to the incoherent part of the flow, and the problem
is to analyze a coherent signal imposed on the turbulent flow.
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We recast the mean flow equations as follows:

∂U

∂x
+ ∂V
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2U

∂y2
.

(5)

Eq. (5) contains coherent Reynolds stresses and, therefore, there is a possibility for the feedback from the coherent signal to the
mean flow. To solve (5), one needs to define a velocity profileU(x0, y) atx = x0 and boundary conditions aty→ ±∞:

y→ +∞: U →U1; y→ −∞: U →U2. (6)

For further considerations, we shall useU1 as the velocity scale. We also introduce the scale of the mixing layerδ(x) by means
of

δ(x)U1

νt (x)

dδ

dx
= 1

2
. (7)

We are looking for the velocity profileU(x,y) in the form

U(x,y)=U1f
′(x, η), (8)

where the prime stands for the derivative with respect toη = y/δ(x), and the coordinateη = 0 corresponds to the point where
f = 0 (actually, it is the third boundary conditions imposed on the mean flow solution). Substituting (8) into (5) and taking into
account (7), we obtain the following equation and the boundary conditions for the mean flow

f ′′′ + 1

2
ff ′′ = x

2

(
f ′ ∂f ′
∂x

− f ′′ ∂f
∂x

)
+Φ(x,η), (9)

η→ +∞: f ′ → 1; η→ −∞: f ′ → r =U2/U1. (10)

The last term,Φ, in (9) contains the coherent Reynolds stresses. If the coherent disturbances are negligible, (9) is the well-known
boundary-layer equation for a turbulent mixing layer and, at some distance from the starting pointx0, the solution converges to
the self-similar solution of the Blasius equation (the right side of (9) is equal to zero).

As follows from experiments, dδ/dx is a linear function of the velocity ratio parameterR = (U1 −U2)/(U1 +U2). Usually
the momentum thicknessθ(x),

θ(x)=
+∞∫

−∞

U −U2

U1 −U2

(
1− U −U2

U1 −U2

)
dy, (11)

is used as a length scale, and one can find experimental data for the spreading rate in [5]. We approximate the experimental data
as

dθ

dx
= 0.046R. (12)

Thus, for a prescribed velocity ratioR, we can solve the equations for the undisturbed mixing layer and obtainδ/θ . Then, we can
find dδ/dx from (12) and calculate the turbulent Reynolds numberRet =U1δ/νt from (7). Fig. 1 showsReθ = |U1 −U2|θ/νt
as a function ofR. We would like to point out that the approximation of experimental data (12) and the results presented in Fig. 1
are universal for undisturbed turbulent mixing layers. The figure provides the correspondence of the velocity ratio parameter to
the turbulent Reynolds number. One can see that the typical Reynolds numbers,Reθ , are about 15. The results will be utilized
in further analyses of coherent perturbations in turbulent mixing layers.

The equations for organized waves (3) contain new terms,

r̃ij = 〈
u′
iu

′
j

〉 − u′
i
u′
j
, (13)

corresponding to oscillation of the background Reynolds stress caused by the organized wave [6]. The term is responsible for the
interaction of a coherent signal with the random field, and we need to choose a hypothesis to close the equations. Accordingly
to [6], we adopt the Newtonian eddy viscosity model

r̃ij = −νt
(
∂ũi

∂xj
+ ∂ũj

∂xi

)
, (14)

whereνt (x) is the eddy viscosity of the undisturbed flow. Making use of (14), we obtain a set of equations for a coherent signal
from (3),
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Fig. 1. Reynolds number vs velocity ratio parameter.
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where we omitted the term dνt /dx, that is the term of higher order. Equation (15) should be completed by the boundary
conditions

y→ ±∞: ũ, ṽ, p̃→ 0. (16)

3. Linear theory – slowly diverging flow

As observed in experiments, a coherent signal may influence the spreading rate of the mixing layer, and the traditional
consideration of non-parallel effects is in conflict with the essence of the phenomenon that stems from nonlinear interactions of
large-scale disturbances. At this stage, consider the conventional approach and, after the analysis of nonlinear effects, we will
conclude (see Section 5) that the approach is acceptable at the amplitude of interest.

In what follows, we use the length scaleδ(x) and omit the ‘tilde’ above the coherent components. We introduce the vector-
function
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∣∣∣∣∣∣∣
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and rewrite the linearized equations as
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whereH10,H11,H2, andH3 are 4×4 matrices and the matrixH3 is associated with the terms originated from a slow diverging
of the mean flow,
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H2 =


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where a ‘slow’ variable,X = µx, appears inH3, andV0(X,y)= µ−1V,U =U(X,y).
We are looking for a solution in the form

A(x,X,y, t)= exp

[
i

x∫
x0

α dx − iωt
][
a(X)A1(X,y)+µA1(X,y)+ · · ·]. (20)

To leading orders ofµ, we obtain the conventional system of the linear stability theory,

∂A1

∂y
=H1A1 + iαH2A1, (21)

whereH1 = H11 + iωH10. We should complete the equations with the boundary conditions of the decaying solution at
y → ±∞. The system (21) may be reduced to the Orr–Sommerfeld equation for the third component of the vectorA1. The
coefficients in (21) are slow functions of the variableX, and the problem of consistent normalization for the quasi-parallel
solutionA1 arises. The ambiguity is resolved through consideration of the next-order equations.

In the next order, we have an inhomogeneous system

∂A2
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∂X
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The solvability condition of the system (22) will be the orthogonality of the right side to solutionB of the adjoint problem,
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1 B − iᾱH ∗
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with the boundary conditions of the decaying solution aty → ±∞. The asterisk (*) in (23) stands for the Hermitian adjoint
matrix, and the over-bar stands for the complex conjugate. We rewrite the solvability condition for (22) in the following form:
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[〈
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where the inner product〈 , 〉 is defined as

〈A,B〉 =
4∑
j=1

+∞∫
−∞

Aj B̄j dy. (25)

The solvability condition (24) is an equation for the slow functiona(X), resulting in a uniquely determined normalization of
the linear problem solution. One can show that the coefficients

M(X)= 〈H2A1,B〉, N(X)=
〈
H2
∂A1

∂X
,B

〉
+ 〈H3A1,B〉 (26)

are equal to the coefficients derived in [12] for boundary-layer flows. By neglecting the viscous-related terms, one can obtain
from (26) the coefficients given in [9].

Because one of the goals of the present work is to resolve the discrepancy between the theory and experiment [9], we
consider the turbulent mixing layer having the velocity-ratio parametersR = 0.25 andR = 0.43, corresponding to set I and to
set III in the experiments. As the amplitudes were relatively small, one can neglect the feedback to the mean flow and to use
the Blasius velocity profile withReθ from Fig. 1. Another option is to use the experimental velocity profile from [9] and to
evaluate the corresponding value ofReθ in accordance with the measured spreading rate. Our comparisons of these velocity
profiles have shown that they are very close. The corresponding Reynolds numbers are presented in Table 1.

The results for both finite and infinite Reynolds numbers are given in Fig. 2. One can see that the interaction of the coherent
signal with the random field emulated by the eddy viscosity provides good agreement between the theory and experimental data.
In the course of the present work, we used conventional numerical methods for solving the mean flow and stability equations
(see Appendix).
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Table 1
Reynolds numbers used in the calculations

Set I Set III

Blasius mixing layer 13.4 14.5
Experimental velocity profile 11.6 12.6

Fig. 2. The overall amplification
∫ +∞
−∞ |u|dy of disturbances with respect to dimensionless downstream coordinate [12]: (a) set I; (b) set III.

Solid lines = the Blasius mixing layer; dash lines – approximated velocity profiles. Symbols = experimental data.

4. A heuristic model of interaction between the mean flow and a coherent signal

We continue with the consideration of the feedback from the coherent signal to the mean flow. As was shown in
experiments [18,19], the spreading rate of a mixing layer depends on the amplitude of the harmonic perturbations. Thus, we
would like to keep the coherent Reynolds stresses, as well as the eddy viscosity term, in the equations of the mean flow (5).
Instead of an asymptotic correction of the mean flow in the second order of the amplitude, we will solve the original equations
(5) numerically, where the coherent Reynolds stresses are evaluated from the linear problem considered in Section 3.

For the numerical consideration of the interaction between coherent disturbances and a mean flow, we will consider
parameters from set I of the experimental data [9], withU1 = 5 m/s,U1 = 3 m/s, andf = 20 Hz. The experiment by Weisbrot
and Wygnanki [19] was carried out atU1 = 10 m/s,U1 = 6 m/s, andf = 44.5 Hz. Since the velocities in [19] were higher
by a factor of 2 than those in set I of [9], and the frequency differs approximately by the same factor, we can also compare our
theoretical results with the experimental data of [19].

We start calculations with a velocity profile as the step function:

y > 0: U =U1; y < 0: U =U2. (27)

At x = 0.1 m, the velocity profile is already close to the self-similar Blasius solution, and we smoothly introduce the disturbance
at the intervalx = 0.1055−0.125 m. The smoothing factor sin(π(x − x0)/0.41) appears at the termΦ in (9). The amplitude
equation (24) and the mean velocity equation (9), where Reynolds stresses are calculated with the fundamental harmonic, are
solved simultaneously. We use as the initial amplitude of the coherent signal the amplitude of the normal velocity component
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Fig. 3. Momentum thickness for the mixing layer in the presence of a coherent signal.

Fig. 4. Imaginary part of the eigenvalue atε0 = 4.8%.

Fig. 5. Coherent Reynolds stressesτcoh= −uv at ε0 = 4.8%.
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ε0 = v/U1 aty = 0, at the starting pointx0 = 0.1055 m. Results for the momentum thicknessθ as a function of the downstream
coordinatex are shown in Fig. 3.

One can see that atε0 = 4.8% there is an interval with a negative derivative dθ/dx. The interval with the negative spreading
rate was observed in the experiments atx = 0.56−0.84 m, while it appears up tox = 1.4 m in our study.

The imaginary part of the eigenvalueα1 is shown in Fig. 4. The disturbance becomes stable atx ≈ 0.4 m, and the coherent
Reynolds stress−uv changes its sign in the stable zone (see Fig. 5). One can see that, in the unstable zone, the Reynolds stress
is mainly positive, and, farther downstream, the coherent Reynolds stress is negative, as was observed in the experiments. As
the Reynolds stress is negative, it acts as a driving force in Eq. (9) and causes flow acceleration.

5. A nonlinear model for the coherent signal in a slowly diverging flow

For small amplitudes of the disturbance, the spreading rate will be governed mainly by the incoherent large-scale eddies.
When the amplitude of the coherent disturbance is high, the spreading rate will be proportional toε2, whereε is an amplitude
parameter. Thus, we assume that the spreading rate parameterµ may be of the same order of magnitude asε2.

We introduce the ‘slow’ variableX = ε2x as suggested in [22], and represent the coherent disturbance of velocity and
pressure as the series

u(x,X,y, t )= εu1(x,X,y, t )+ ε2u2(x,X,y, t )+ ε3u3(x,X,y, t)+ · · · ,
v(x,X,y, t )= εv1(x,X,y, t )+ ε2v2(x,X,y, t )+ ε3v3(x,X,y, t )+ · · · , (28)

p(x,X,y, t )= εp1(x,X,y, t )+ ε2p2(x,X,y, t )+ ε3p3(x,X,y, t )+ · · · .
The mean velocity profilesU(X,y) and V (X,y) = ε2V0(X,y) are solutions of Eqs. (5), and we do not use for them an
expansion series. By substituting (29) into (16) and collecting the terms of the same order of magnitude, we obtain the governing
equations for the coherent disturbance. In the leading term, we obtain equations for the fundamental disturbance:
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+U ∂u1

∂x
+ v1 ∂U

∂y
= −∂p1

∂x
+ 1

Ret

(
∂2u1

∂x2
+ ∂2u1

∂y2

)
, (29)

∂v1

∂t
+U ∂v1

∂x
= −∂p1

∂y
+ 1

Ret

(
∂2v1

∂x2
+ ∂2v1

∂y2

)
.

We present the fundamental perturbations of frequencyω as

u1(x,X,y, t)= 0.5
[
a(X)u

(0)
1 (X,y)eiϕ(x)t−iωt + c.c.

]
,

v1(x,X,y, t )= 0.5
[
a(X)v

(0)
1 (X,y)eiϕ(x)t−iωt + c.c.

]
, (30)

p1(x,X,y, t )= 0.5
[
a(X)p

(0)
1 (X,y)eiϕ(x)t−iωt + c.c.

]
,

where c.c. stands for complex conjugate, and the phaseϕ is related to the complex slow functionα1(X) as

dϕ

dx
= α1(X). (31)

It is assumed that the derivative of the slow amplitude function may be written in the following form:

da

dX
= F(1)0 (X)+ εF (1)1 (X)+ ε2F(1)2 (X)+ · · · . (32)

The unknown functionsF(1)0 (X),F
(1)
1 (X), . . . ,may be found from the solvability conditions for equations of the higher orders

of ε.
Substitution of (31) into (29) yields

iα1u
(0)
1 + ∂v

(0)
1
∂y

= 0,

i(α1U − ω)u(0)1 + v(0)1
∂U

∂y
= −iα1p

(0)
1 + 1

Ret

(
∂2u

(0)
1

∂y2
− α2

1u
(0)
1

)
,
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i(α1U − ω)v(0)1 = −∂p
(0)
1
∂y

+ 1

Ret

(
∂2v

(0)
1

∂y2
− α2

1v
(0)
1

)
. (33)

We also introduce a functionz4:

z4(x,X,y, t )= ∂u

∂y
− ∂v

∂x
= εz41(x,X,y, t)+ ε2z42(x,X,y, t )+ ε3z43(x,X,y, t )+ · · · , (34)

and write the first term as

z41(x,X,y, t )= 0.5
[
a(X)z

(0)
41 (X,y)e

iϕ(x)−iωt + c.c.
]
. (35)

If we introduce the vector-function

A1 =

∣∣∣∣∣∣∣∣∣∣∣

u
(0)
1

p
(0)
1

v
(0)
1

z
(0)
41

∣∣∣∣∣∣∣∣∣∣∣
, (36)

we obtain the equations in the main order of magnitude, which is the same as Eq. (21),

∂A1

∂y
=H1(ω)A1 + iα1H2A1. (37)

In the second order, we have the inhomogeneous equations for the second harmonic. Velocities and pressure are presented in
the following form:

u2 = 0.25
[
a2u

(0)
2 (X,y)e2iϕ(x)t−2iωt + c.c.

]
,

v2 = 0.25
[
a2v

(0)
2 (X,y)e2iϕ(x)t−2iωt + c.c.

]
,

p2 = 0.25
[
a2p

(0)
2 (X,y)e2iϕ(x)t−2iωt + c.c.

]
. (38)

If we introduce the vector function

A2 =

∣∣∣∣∣∣∣∣∣∣∣

u
(0)
2

p
(0)
2

v
(0)
2

z
(0)
42

∣∣∣∣∣∣∣∣∣∣∣
, (39)

the equations may be written as

∂A2

∂y
−H1(2ω)A2 − 2iα1H2A2 = S, (40)

where the vectorS has the only single non-zero componentS4 (the componentS2 becomes equal to zero due to the continuity
equation),

S4 = 2iRet α1u
(0)2

1 +Ret
∂v
(0)
1 u

(0)
1

∂y
. (41)

As a result of the nonlinear interaction between the second harmonic and the fundamental harmonic, we obtain the terms with
frequenciesω and 3ω. We shall consider only the terms of fundamental frequencyω because they can be used to find the slow

functionF(1)0 (X) from the solvability condition. Theω-harmonic is presented as

u3(x,X,y, t )= 0.5
[
u
(0)
3 (X,y)eiϕ(x)−iωt + c.c.

]
,

v3(x,X,y, t )= 0.5
[
v
(0)
3 (X,y)eiϕ(x)−iωt + c.c.

]
,

p3(x,X,y, t )= 0.5
[
p
(0)
3 (X,y)eiϕ(x)−iωt + c.c.

]
,

z43(x,X,y, t )= 0.5
[
z
(0)
43 (X,y)e

iϕ(x)−iωt + c.c.
]
,

(42)



N. Reau, A. Tumin / European Journal of Mechanics B/Fluids 21 (2002) 143–155 153

and we introduce the vector-function

A3 =

∣∣∣∣∣∣∣∣∣∣∣

u
(0)
3

p
(0)
3

v
(0)
3

z
(0)
43

∣∣∣∣∣∣∣∣∣∣∣
. (43)

The inhomogeneous equations will be written as

∂A3

∂y
−H1(ω)A3 − iα1H2A3 = F(1)0 (X)H2A1 + aH2

∂A1

∂X
+ aH3A1 + 0.25a2āe−2Im(ϕ)Q, (44)

where vectorQ has two non-zero components,Q2 andQ4,

Q2 = iᾱ1u
(0)
2 v̄

(0)
1 − 2iα1ū

(0)
1 v

(0)
2 − v(0)2

∂v̄
(0)
1
∂y

− v̄(0)1

∂v
(0)
2
∂y

,

Q4 = 2iα1Retu
(0)
2 ū

(0)
1 − iᾱ1Retu

(0)
1 ū

(0)
2 +Ret v̄(0)1

∂u
(0)
2
∂y

+Ret v(0)2

∂ū
(0)
1
∂y

.

(45)

The solvability condition for the system (44) is the orthogonality condition of its right side with respect to the solutionB of the
adjoint problem (23)

F
(1)
0 (X)〈H2A1,B〉 + a(X)

[〈
H2
∂A1

∂X
,B

〉
+ 〈H3A1,B〉

]
+ 0.25a2āe−2Im(ϕ)〈Q,B〉 = 0. (46)

Since we obtain the unknown functionF(1)0 (X) from (46), the expansion (32) yields the equation for the slow amplitude
function

da

dX
= −a

[〈
H2

∂A1
∂X
,B

〉 + 〈H3A1,B〉]
〈H2A1,B〉 − 0.25a2āe−2Im(ϕ) 〈Q,B〉

〈H2A1,B〉 . (47)

The first term in right side of Eq. (47) represents the conventional input due to the flow divergence, and the second term is
associated with the nonlinear self-interaction of the disturbance.

We solve the system of equations (40) with the boundary conditions of the decaying solution aty → ±∞. The streamwise
velocity disturbance profiles of the fundamental and second harmonics atε0 = 0.1% (normalized to 1 at the maximum) are
shown in Fig. 6. The shape of the second harmonic agrees with the experimental data of [23]. The experimental conditions
in [23] were the same as in [9] (except a frequency of 22 Hz was used instead of 20 Hz as used in [9]). Thus, the shapes of the
velocity distributions may be compared qualitatively at the same streamwise locations.

Fig. 6. Profiles of|uf | (×) and|u2f | (+). U1 = 5 m/s;U2 = 3 m/s.ε0 = 0.1%.
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In the nonlinear model, the amplitude is found from the Landau-type equation (47). Our numerical results have shown that
the nonlinear self-interaction term in (47) is relatively small and the results presented in Fig. 3 remain practically the same, and
we conclude that the nonlinear terms are not significant at the amplitudes of interest. Nevertheless, we should emphasize that
the main nonlinear effect is associated with the feedback to the mean flow, and it is accounted for in the main order via the mean
velocity profile. Only on this background the nonlinear terms in (47) are relatively small.

6. Discussion

The advantage of the triple decomposition method is its adequacy to the experimental procedure where the coherent
constituent is extracted from the total signal by means of phase-locked measurements. The governing equations [6] (see
Section 2) for the coherent disturbance spell out that the interaction between the coherent and random components might
be important and it should be treated somehow. The conventional double decomposition of the total signal into the mean part
and the perturbation is, strictly speaking, relevant only to considerations of laminar or transitional flows. The results obtained
within the scope of the double decomposition might be interpreted as an analysis of the coherent signal in a turbulent flow
only under the assumption that the interaction between the coherent and random fields is negligible. The main (unavoidable)
drawback of the triple decomposition method, in turn, is associated with the necessity of choosing a closure hypothesis, and the
adequacy of the hypothesis can be checked only by comparison with experimental data.

The successful comparison (Fig. 2) of the theoretical results and the experimental data for the overall amplification leads to
the following conclusions:

• interaction between the coherent signal and the random field is important;
• the Newtonian eddy viscosity model for the coherent signal provides the quantitative agreement with the experimental data

(the model leads to ‘effective’ Reynolds numberReθ about 15);
• the flow divergence must be taken into account to provide a correct comparison of theoretical and experimental data.

These conclusions mean that asymptotic theories at high Reynolds numbers are not relevant to the consideration of organized
waves in turbulent mixing layer because they neglect the effect of interaction between the coherent and random disturbances.

Another conclusion that stems from our comparison of theoretical results (Fig. 3) and experimental data [19] is that the
approach provides a qualitative explanation of a highly excited mixing layer. It follows from the model that the spreading rate
of the mixing layer is governed by the coherent Reynolds stress. At the initial stage, where the coherent Reynolds stress is
positive, the spreading rate of the forced mixing layer is higher than in the case of the unforced mixing layer. At some distance
downstream, where the coherent signal becomes linearly stable, the Reynolds stress changes its shape and becomes negative. As
the amplitude of the coherent signal is high, the Reynolds stress acts as a driving force, suppressing the effect of diffusion due
to the eddy viscosity mechanism. The flow is accelerated and the momentum thickness decreases. As the coherent perturbation
is damped out farther downstream, the Reynolds stress also becomes smaller and the spreading rate is governed again by the
eddy viscosity. As an overall result, the thickness of the mixing layer is smaller than it would be without active control (see
Fig. 3). In turn, the comparison of theoretical and experimental data indicates that behind the neutral point, where the coherent
Reynolds stresses change its sign, the closure model might be not adequate (the theory overpredicts the length of the zone with
a negative spreading rate).
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Appendix: Numerical methods

The numerical procedure to treat equation (9) was based on the finite-difference scheme used for the boundary-layer
equations [24–26]. We solve (9) separately for the upper(y > 0) and lower(y < 0) domains. At the boundaryy = 0, the
function f = 0, and the velocityf ′(0) is iterated to obtain the coincidence of the derivativesf ′′(0) for the upper and lower
domains. Aty → +∞, the boundary condition isf ′ → 1 and, aty→ −∞, the boundary condition isf ′ →U2/U1.
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We used three codes for the stability analysis of the mixing layer:

1. The code based on the two-domain spectral collocation method with Chebyshev polynomials [27] at finite Reynolds
number.

2. The code with the fourth-order Runge–Kutta scheme at finite Reynolds number when two pairs of the decaying fundamental
solutions are calculated for the upper and lower domains. The general solution is obtained as a sum of the two fundamental
solutions for each domain, and an orthonormalization procedure is used during calculation for each pair of fundamental
solutions.

3. The code with the fourth Runge–Kutta scheme for the Rayleigh equation.

The code with the spectral collocation method provides a map of eigenvalues for a prescribed frequency and Reynolds
number. The eigenvalue problem is reduced to a generalized matrix eigenvalue problem of the form

AX = αBX,

whereA andB are the square matrices andX is an eigenvector. The problem was solved by means of a standard routine from
the NAG or IMSL FORTRAN Libraries. As the Reynolds number is sufficiently high, the code provides an initial eigenvalue
for the Rayleigh equation. If the Reynolds number is finite, the code provides an initial eigenvalue for code No. 2.

The analysis of the slow diverging phenomenon was carried out with two codes:

1. The code based on the inviscid equations similar to [9].
2. The code based on the equations with a finite Reynolds number as described in Section 3.

The results from [9] served as the test case for the code No. 2. Afterwards, the second code was tested by comparisons with
the first one, when the Reynolds number was chosen to be sufficiently high.
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